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Abstract
In this paper, the efficiency of a new hybrid design of energy absorber systems is investigated to improve the capability of 
the system in absorbing the kinetic energy of vehicles in case of a crash. This setup implements two well-known energy 
absorption mechanisms simultaneously to enhance the energy dissipation capacity of the system while occupying a limited 
constant space. The system consists of two individual mechanisms, expansion of a circular tube accompanied by buckling 
of two inner tubes, which dissipates the energy through friction and plastic deformations. This study comprises several case 
studies surveyed under identical loading conditions. Experimental results are utilized to validate finite element simulations 
thereby analyzing several case studies so as to achieve the maximum efficiency of the system via geometrical optimizations. 
This study shows promising outcomes about the improvement in the system capacity in energy absorption while utilizing 
hybrid systems.

Keywords Hybrid system · Absorbed energy · Crashworthiness parameters · System efficiency

List of symbols
ES  Expansion system
BS  Buckling system
HS  Hybrid system
CHS  Circular hollow tube
Ee  Absorbed energy by expansion system
Eb  Absorbed energy by buckling system
Etot  Absorbed energy in total
Fx  Instantaneous total load
Fe  Instantaneous load for expansion 

system
Fb  Instantaneous load for buckling system
P  Longitudinal compressive load
Pm  Instantaneous applied load for 

deformation
Fd  Radial deviation force
dx  Differential displacement of impactor

ds  Circumferential differential length
dL  Vertical differential length
l  Total displacement of moving tube
SAEE  Specific absorbed energy by expansion
SAEB  Specific absorbed energy by buckling
SAET  Specific absorbed energy in total
Me  Mass of expansion system
Mb  Mass of buckling system
Mtot  Mass of hybrid system in total
t  Thickness of a tube
t1, t2, t3  Thickness of tube1, tube2 and tube3
r  Radius of tube
D  Diameter of a tube
D1,  D2,  D3  Diameter of tube1, tube2 and tube3
Di  Initial internal diameter
De  Deformed internal diameter
σa  Stress in the axial direction
σr  Stress in the radial direction
σ0  Yield stress
σCHS  Stress borne in the circular hollow 

system
β  Deformation angle
μ  Friction coefficient
K  A defined constant value
y  A function showing deflected shape
Z  A root of the differential equation
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M  A defined constant value
n0  Number of waves during buckling
Lw,CHS  Half wavelength of the buckles
kstrip  Flexural stiffness per unit width
kCHS  Axial stiffness per unit area
qcrit,ring  Anticipated radial load
E  Young’s modulus
ν  Poisson’s ration
f(D,t)  A function representing Etot or SAET
C1, C2, …, C10  Coefficients of the proposed equation

1 Introduction

Absorbing vehicles kinetic energy is a noteworthy goal in 
order to guarantee the safety of passengers, in case of both 
active and passive accidents. In this regard, several types of 
energy absorber systems have been introduced and improved 
during recent years. One of the most practical methods for 
this purpose is the use of two circular tubes, in which a 
deformable tube is being expanded by another deform-
able or rigid one. This common sort of energy absorption 
system investigated by many researchers is highly feasible 
[1–4]. In this method, the energy is dissipated by means of 
both friction force and plastic deformations. Another usual 
mechanism for this purpose works through crushing a tube, 
in which a rigid plate impacts a deformable tube [5–9]. This 
mechanism dissipates the kinetic energy by plastic defor-
mations and friction performed through folding or metal 
rupture.

In addition, some studies have lately been performed to 
enhance the capability of systems in dissipating the kinetic 
energy of the devices. In that regard, for instance, Sharifi 
et al. [10] surveyed a bi-tubular circular system in order to 
improve the system capacity in energy absorption. They 
investigated three factors, including the tube thickness, the 
tube diameter and the interaction between two tubes. As a 
result, they recommended two feasible solutions to improve 
the crashworthiness parameters that were the use of dual 
tubes in different length and making some grooves at the 
end of each tube. Likewise, the authors of this study [11, 12] 
enhanced the capacity of the circular tubes by welding lat-
eral parts or by using them in hybrid form along with other 
mechanisms. Moreover, Li et al. [13] combined two differ-
ent energy absorption mechanisms, comprised of a mandrel 
expanding the tube accompanied by a blade for cutting pur-
poses. It absorbed the energy through the plastic expansions 
and the tube splitting as well. As an outcome, they draw 
that the expansion mechanism absorbs more energy than 
the splitting system does. On the other hand, in the case of 
enhancing the crushing designs, Azarakhsh et al. [14] sur-
veyed a setup including a rigid plate crushing two coaxial 
brass-made tubes reinforced by compressed foam. It was 

concluded that the system capacity was improved measur-
ably although the structure lost its weight efficiency.

Current study investigates a novel design of energy 
absorption system which utilizes a combination of two 
individual feasible mechanisms while being crushed with 
an impactor, that is an expansion system (ES) along with 
a buckling system (BS). This study aims to show the abil-
ity of the design to improve the energy absorption capacity 
in view of a limited constant space in which system must 
be mounted. In addition, system efficiency of the model is 
surveyed in terms of total absorbed energy, specific total 
absorbed energy and cost-effectiveness parameter of the sys-
tem. This hybrid model includes three coaxial steel tubes as 
well as a rigid plate responsible for impacting the two inner 
tubes which are mounted into upper moving tube, account-
able for expanding outer tube.

2  Theoretical study

2.1  Model definition

The hybrid system (HS) of this research dissipates the kinetic 
energy through two usual mechanisms. Figure 1 shows the 
general configurations of the proposed hybrid structure along 
with its components separately. In the ES part of the model, 
a moving tube expands the outer tube (Tube 3) circumferen-
tially and dissipates the energy through plastic deformations 
and friction. In addition, this figure indicates the BS model 
precisely, in which the upper rigid plate, press-fitted into the 
upper moving tube (Fig. 1-b), impacts the two inner tubes 
(Tubes 1 and 2) and dissipates the kinetic energy through the 
tube plastic deformations and existing friction. Moreover, 
it is evident that taking the placement of a BS inside an ES 
into account, the volume of the system with and without the 
central part will be the same, which makes the system more 
suitable to be used in devices of limited available space for 
the installation of absorber system. It is worth mentioning 
that all three tubes are considered coaxial and welded to the 
lower plate similar to their industrial application. Moreover, 
all thin-walled tubes used in the present study have been 
designed with suitable diameter-thickness ratio (D/t ≥ 20).

2.2  Theoretical analyses

The dissipated energy by a hybrid design which is a com-
bination of expansion and buckling systems is a function 
of load experienced via each system separately and the dis-
placement of the impactor, which can be superposed [15]. In 
other words, the area under load–displacement curve is the 
amount of absorbed energy which can be calculated through 
Eq. 1.
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where Fe and Fb are the instantaneous amounts of the load 
borne by each individual system, expansion and buckling 
systems, respectively. To obtain the aforementioned values, 

each system needs to be analyzed analytically.
Some simplifying assumptions should be considered, 

as given below.

1. The material of inner tube is rigid, whereas the outer 
one is considered perfectly plastic with an average flow 
stress.

2. The thickness of the tube during expansion is taken con-
stant, without any variation.

3. The value of longitudinal stress in the deformed tube 
(D = De) is zero.

4. The friction of Coulomb type is considered in the model.
5. Principal axes of the stress and strain are considered 

parallel to the horizontal and vertical axes.
6. The tubes involved in BS are being buckled without any 

rupture.
7. Deformation during folding of the tubes of BSs is com-

pletely uniform and symmetric.
8. In BSs, all tubes are deformed in such a way that all 

points of a cross section experience the same outward 
or inward displacements.

(1)Etot = Ee + Eb =

l

∫
0

Fx.dx =

l

∫
0

(

Fe + Fb

)

.dx

To survey ES, a deformable cylinder with an initial 
internal diameter of Di and thickness of t, which is being 
expanded by another tube of rigid type to a new deformed 
internal diameter of De, is taken into account. Figure 2 
shows the model. With assuming the statements above 
along with the chosen element in Fig. 2, equilibrium equa-
tion in the vertical direction can be written as follows [16]:

With substituting dD = 2 cot � ⋅ dx in Eq. (2) and subsequent 
simplifications, it will be:

Given the element represented in Fig. 2, the equilibrium 
equation in the horizontal direction leads to:

To take the failure of the material into consideration, Tresca 
yield criterion can be written as follows:

The substitution of Eqs. (4) and (5) into Eq. (3) results in 
the equation below:

(2)(

�a + d�a
)

(D + dD)�t − �aD�t + P

(

�D
dx

sin �

)

cos � + �P

(

�D
dx

sin �

)

sin � = 0

(3)
d�a

dD
+

�a

D
+

1

t

(

� + cot �

2 cot �

)

P = 0

(4)�r = P(1 − � ⋅ cot �)

(5)�a − �r = �0

Fig. 1  General configuration of the hybrid mechanism. a top view, b cross-sectional view and c top-sectional views A and B
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For the sake of simplicity, a constant parameter K is intro-
duced as given below:

The resulted equation from substituting Eq. (7) into Eq. (6) 
is:

By utilizing assumption number (3) and boundary condi-
tions, the solution of the last equation is as below:

The quantity for longitudinal stress in the expanded sec-
tion of the outer tube can be extracted from substituting the 
D = Di into Eq. (8), as represented below:

Eventually, the quantity of the mean load needed for tube 
expansion by the rigid one, Fe, is as follows:

(6)d�a

dD
+

�a

D
−

1

t

(

� + cot �

2 cot �(1 − � ⋅ cot �)

)

�a = −
1

t

(

� + cot �

2 cot �(1 − � ⋅ cot �)

)

�0

(7)K =

(

� + cot �

2 cot �(1 − � ⋅ cot �)

)

(8)
d�a

dD
+

(

1

D
−

K

t

)

�a = −
K

t
�0

(9)
�a

�0
=

(

1 +
t

KD

)

−

[(

De

D
+

t

KD

)

⋅ e
K

t
(D−De)

]

(10)
�d

�0
=

(

1 +
t

KDi

)

−

[(

De

Di

+
t

KDi

)

⋅ e
K

t
(Di−De)

]

The equation above indicates that there is a relationship 
between applied force and deformation angle β. This amount 
can be calculated through Eq. (12), for which minimum 
energy approach suggests that the stable expansion process 

(11)

F
e
=
[

�t
(

D
i
+ t

)

�
0

]

×

{(

1 +
t

KD
i

)

−

[(

D
e

D
i

+
t

KD
i

)

⋅ e
K

t
(Di

−D
e)
]}

Fig. 2  A schematic of an expan-
sion system

Fig. 3  A schematic of a buckling system
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propagates when the value of β is such that the force is 
minimized.

This amount was calculated through Eq. (12) with the aid of 
a computer program so as to be substituted into Eq. (10) to 
give the mean applied force.

On the other hand, a simple model for representing the 
axisymmetric buckling of a compresses circular hollow sec-
tions (CHS) can be surveyed. In the axis-symmetrical defor-
mation of a CHS, the deformed shape of the tube is in such 
a condition that all points of a cross section experience the 
same outward or inward displacement. Considering Fig. 3, the 
compressive load of P leads to a radial deviation force Fd, as 
given by a differential equation [17]. It is worth noting that the 
positive direction for both forces and displacements is outward 
direction.

where P, Fd and y are longitudinal compressive load exerting 
on a differential part of area (t × ds), radial deviation force 
acting on a unit area (ds × dL) and a function describing 
deflected shape of tube, respectively. Thickness of the tube, 
t, as well as two other differential dimensions are represented 
in Fig. 3. The deviation force mentioned above is related to 
two mechanisms, that is the flexural response of longitu-
dinal strips and the axial response of the transverse rings. 
The transverse rings with an inward displacement are under 
pressure, whereas those that with an outward displacement 
are under tension. Therefore, buckling of a CHS tube can 
be introduced by a single longitudinal strip with a series of 
springs. Following equations show the flexural stiffness per 
unit width and axial stiffness per unit area, kstrip and kCHS, 
respectively.

Given the condition that the force should be borne by both 
elements, one can consider the differential equation below 
governing the buckling of CHS tube.

By taking P = σt, and substituting in Eqs. (15), (16) and sub-
sequent rearranging, one can obtain:

(12)
dPm

d�
= 0

(13)Fd = −PyII

(14)kstrip =
Et3

12
(

1 − �2
)

(15)kCHS =
Et

r2

(16)−PyII = kCHSy + kstripsy
IV

The abovementioned homogeneous differential equation 
can have a solution of the form y(x) = ezx and the roots z are 
given by:

Defining a constant as follows, one can acquire Eq. (20).

As an assumption, the solution must be of constant period 
without any hyperbolic function. Thus, the square root in 
the numerator of Eq. (20) needs to be equal to zero. This is 
satisfied when the stress σ equals classical elastic buckling 
stress of a CHS [18], σCHS as follows:

At this stress, the roots z from Eq. (20) are equal to:

where the half wavelength of the buckles Lw,CHS can satisfy 
the correlation below:

Leading to the equation below, identical to the classical solu-
tion [19].

It is worth mentioning that the model can be utilized for 
buckling of non-axis-symmetrical type as well. Eventually, 
the anticipated radial load qcrit,ring to cause a ring to buckle 
with n0 waves could be extracted from Eq. (24), which is 
obtained previously in [20].

(17)�yII +
E

r2
y +

Et2

12
(

1 − �2
)y

IV = 0

(18)�z2 +
E

r2
+

Et2

12
(

1 − �2
) z

4 = 0

(19)M =
E

12
(

1 − �2
)

(20)
z = ±

√

√

√

√
−� ±

√

�2 −
4MEt2

r2

2Mt2

(21)
�CHS =

E
√

3
(

1 − �2
)

t

r

(22)z = ±

4

�

12
�

1 − �2
�

√

rt
i

(23)ziLw,CHS = ±�

(24)
Lw,CHS =

�

4

�

12
�

1 − �2
�

√

rt ≈ 1.728
√

rt

(25)Fb = qcrit,ring =
E

12
(

1 − �2
)

(

t

r

)3
(

n2
0
− 1

)
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The results of analytical investigation were added to the 
load–displacement curves of the validation part in the fol-
lowing section of the study. A comparison among numerical, 
experimental and analytical surveys was provided later.

2.3  Crashworthiness parameters

To be able to compare the efficiency of HS, defining some 
parameters is crucial. In this respect, the amount of absorbed 
energy by expansion system (Ee) and by buckling system 
(Eb) as well as the total absorbed energy (Etot) extracted from 
finite element analyses are more useable. Total absorbed 
energy as a crashworthiness parameter is related to the total 
integral of the load–displacement curve of the system with 
respect to displacement, as shown in Eq. (1). In addition 
to the abovementioned criteria, some other feasible crash-
worthiness parameters are used to define the efficiency of 
the models according to the system mass. Equations (2)–(4) 
signify the aforementioned parameters, as follows:

where Ee, Eb and Etot, respectively, represent the absorbed 
energy by tubes used in expansion, buckling and hybrid sys-
tems. Similarly, Me, Mb and Mtot signify the mass of the outer 
tube, two inner tubes and the total mass of the three tubes, 
respectively.

(26)SAEE =
Ee

Me

(27)SAEB =
Eb

Mb

(28)SAET =
Etot

Mtot

Then the total amount of absorbed energy is:

It is worth mentioning that system efficiency is defined as a 
factor used to design a preferable system, which is affected 
by Etot and SAET, simultaneously. Similarly, cost-effec-
tiveness parameter refers to a comparison between the cost 
spent on the construction of a setup as a function of system 
total weight and its efficiency in the absorption of the kinetic 
energy. All these defined parameters are criteria utilized to 
compare different case studies to find an efficient system 
with suitable dimensions.

3  Experimental tests and numerical study

This part of the study deals with finite element analysis tech-
niques using a commercial package. In general, twenty case 
studies were investigated numerically, each of which was 
loaded under the same conditions. In the first step, two indi-
vidual systems of each model (ES and BS) were compressed 
using a tensile testing machine to validate the simulation 
process (see Fig. 4). Then, some hybrid case studies were 
tested to examine their efficiencies and preferences.

3.1  Validation process

First of all, one specimen of each system (ES and BS) 
was tested using a tensile testing machine, and subse-
quently acquired results were used to verify the accuracy 
of the numerical results. Figure 4 depicts the testing setup 
(SCHUTZ + LICHT) along with one sample of each system. 
The samples were compressed with a crosshead speed of 
10 mm/min. The accuracy of the validation procedure can 

(29)Etot = Ee + Eb

Fig. 4  Schematic of testing 
process. a Tensile machine 
while testing, b an ES and c a 
BS under compression
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also be confirmed by comparing load–displacement curves 
of the experimental and numerical data, as shown in Fig. 5, 
where the simulations have been accomplished almost per-
fectly comparing to the experimental results. This figure 
indicates the analytical load–displacement curves in com-
parison with those from numerical and experimental studies. 
There is a discrepancy between analytical response and its 
counterparts on the grounds that analytical solutions reflect 
constant amounts for the loads borne by the systems leading 
to underestimates or overestimates of loads compared with 
experimentally validated numerical data. This variance can 
also be justified by the assumptions which were considered 
in the analytical solutions.

3.2  Finite element analyses

A commercial finite element package, ABAQUS/Standard, 
was used for the numerical analyses. All the case studies 
used in this research consist of deformable tubes made of 
stainless steel 304. To simulate the elastic and plastic behav-
iors of the material, all relevant data are gathered in Table 1 
[21]. In each case study, all parts were meshed using 8-node 
linear brick elements denoted by C3D8R. Mesh sensitivity 
study was also performed, and subsequently a mesh size 
of 2 × 2×1 mm was chosen for the tubes. In addition, the 
Coulomb friction (µ = 0.1) as well as a standard surface-to-
surface penalty contact algorithm were defined in all inter-
actions. In all the simulations, specimens are loaded with 
a constant speed of 10 mm/min and are fully fixed at the 
bottom as the boundary condition. It is worth noting that the 
upper rigid plate responsible for folding the tubes was press-
fitted into the upper tube which is accountable for the expan-
sion of the outer tube. All the tubes used in each system 
were of a length of 100 mm, and the inner diameter of the 
external tube (D3) was considered as 80 mm. In addition, the 
thickness of the internal tubes (t1 and t2) was fixed to 1 and 
2 mm, respectively. The thickness of external tube (t3) and 
outer diameter of both inner tubes (D1 and D2) were regarded 
as variable in different case studies, although the ratio of D2 
to D1 is kept equal to 2, in all samples which restricts the 
number of variable to two. All the variable dimensions of 
each system are collected in Table 2.

4  Results and discussion

This research includes numerical investigations of several 
case studies of a hybrid energy absorption mechanism in 
terms of two variable dimensional parameters of this model. 
Hence, the acquired results were compared with each other 
in terms of some aforementioned crashworthiness param-
eters for the purpose of surveying the efficiency and the 
applicability of the system.

4.1  System efficiency

The system capacity for absorbing the kinetic energy is a 
highly valued criterion for specifying the efficiency of HS. 
In that regard, some specimens with different dimensions 
were analyzed in order to investigate the feasibility of the 

Fig. 5  Load–displacement diagrams of systems used for validation 
purposes, a expansion system and b buckling system

Table 1  Mechanical properties of SS 304 [21]

Material Young’s modulus 
(GPa)

Poisson’s ratio Yield stress (MPa) Maximum stress 
(MPa)

Strength index (MPa) Strain hardening 
exponent

SS 304 202 0.29 215 495 1183 0.325
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new design. All obtained results of this study are collected 
in Table 2. It is worth noting that the last four specimens (AI, 
BI, CI and DI) of tabulated data refer to the cases impacted 
by a specially shaped mandrel. It was manufactured with a 
head shape of a truncated cone with a diameter of 40 mm 
in the bottom side, being widened to a diameter of 96 mm 
upwards, with a chamfer angle of 45º. Each edge in the each 
side of the chamfer was filleted by a radius of 5 mm.

As it is clear, by comparing the first four groups of the 
samples, it can be found out that the amount of the absorbed 
energy improves by increasing the diameters of the inner 

tubes. In the same way, by investigating the outer tube thick-
ness, it is found out that the amount of absorbed energy 
is a function of outer tube thickness too. Hence, by taking 
absorbed energy and system mass into account, AH was 
chosen as the most preferable setup of the group. In second 
series of samples, similar to the first group, there was no 
dramatic change in the SAET amounts of the specimens, 
which implies that BH dissipated more energy considering 
Etot parameter. Likewise, comparing the samples in the third 
and fourth groups, resulting in choosing the CH and DH 
models as preferable ones. In general, it can be mentioned 

Table 2  Numerical results of the study with some relevant geometrical dimensions of case studies

a Symbol I refers to systems, in which the moving part has a special head shape

Case studies 
(number)

D1 (mm) D2 (mm) t3 (mm) Ee (J) Eb (J) Etot (J) SAEE (J/g) SAEB (J/g) SAET (J/g)

AE (1) 20 40 2.5 5055 7526 12,581 9.759 31.516 41.275
AF (2) 20 40 3 5958 7526 13,484 9.517 31.516 41.033
AG (3) 20 40 3.5 7035 7526 14,561 9.571 31.516 41.087
AH (4) 20 40 4 8196 7526 15,722 9.711 31.516 41.227
BE (5) 24 48 2.5 5055 7792 12,847 9.759 26.98 36.739
BF (6) 24 48 3 5958 7792 13,750 9.517 26.98 36.497
BG (7) 24 48 3.5 7035 7792 14,827 9.571 26.98 36.551
BH (8) 24 48 4 8196 7792 15,988 9.711 26.98 36.691
CE (9) 28 56 2.5 5055 8040 13,095 9.759 23.724 33.483
CF (10) 28 56 3 5958 8040 13,998 9.517 23.724 33.241
CG (11) 28 56 3.5 7035 8040 15,075 9.571 23.724 33.295
CH (12) 28 56 4 8196 8040 16,236 9.711 23.724 33.435
DE (13) 32 64 2.5 5055 8340 13,395 9.759 21.39 31.149
DF (14) 32 64 3 5958 8340 14,298 9.517 21.39 30.907
DG (15) 32 64 3.5 7035 8340 15,375 9.571 21.39 30.961
DH (16) 32 64 4 8196 8340 16,536 9.711 21.39 31.101
AIa (17) 20 40 4 18,225 7526 25,751 21.6 31.516 53.116
BIa (18) 24 48 4 18,225 7792 26,017 21.6 26.98 48.58
CIa (19) 28 56 4 18,225 8040 26,265 21.6 23.724 45.324
DIa (20) 32 64 4 18,225 8340 26,565 21.6 21.39 42.99

Fig. 6  Deformations of a chosen HS while being buckled (case study DH), a t = 0.001, b t = 0.004, c t = 0.006 s
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that increasing the diameters of inner tubes as well as the 
outer tube thickness satisfies two abovementioned criteria. 
Another result obtained from the table signifies that SAEE 
for ES is lower than SAEB for BS, which can be mitigated 
by using a specially shaped conical mandrel. The fifth group 
of case studies (number 16–20) surveyed the effect of coni-
cal mandrel on the Etot and ASET parameters. These cases 
improve the total absorbed energy more noticeably. The fifth 
group of case studies was fully investigated in the next sec-
tion of this study.

The absorption of the kinetic energy is in direct relation 
to the plastic deformations of the tubes. Figure 6 indicates 
cross-sectional views of the tubes being expanded and buck-
led by a moving tube and a rigid plate press-fitted into it, 
respectively. According to this figure, the circumferential 
expansion of the outer tube and the folding of both inner 
tubes (buckling system) are evident.

On the other hand, the load–displacement diagrams of 
five different case studies were utilized in order to show the 
changes in the models efficiency as a function of dimensional 
variations, where the amount of area under load–displace-
ment curves signifies the total amount of absorbed energy. 
Figure 7 shows the load–displacement curves of the five cho-
sen samples. In the first part of the figure, case studies CG 
and AH with equal weights were compared together and it 

is concluded that the design of the systems has a measurable 
effect on the model efficiency. In this comparison, the larger 
inner tubes of CG compensated the reduction in the thick-
ness in the outer tube, although there is some discrepancy in 
their capacity for energy dissipation. In the second section, 
Fig. 7-b indicates that by increasing the inner tubes diame-
ters the total absorbed energy improves noticeably. Similarly, 
by keeping the inner tubes dimensions constant and by aug-
mentations in the thickness of the outer tube, a significant 
enhancement was visible (Fig. 7-c). In the last part, Fig. 7-d 
compares two models with different head-shaped mandrels. 
The impactor of DH was considered the same as the first 
sixteen samples, whereas the specimen DI (similar to AI, BI 
and CI) enjoys using a specially shaped conical mandrel, by 
which the amount of the absorbed energy dissipated through 
the ES upsurge significantly. However, the production of the 
mandrel imposes an extra manufacturing cost which should 
be taken into account.

To survey the three-dimensional diagram of acquired 
results, the surface fitting technique was utilized with the 
aid of MATLAB software. Figure 8 shows the three-dimen-
sional plots of  Etot and SAET compared to the diameter and 
thickness of Tube1 and Tube3, respectively, considering 
the first sixteen case studies of Table 2. The figure shows 
the three-dimensional behavior of HSs while changing two 
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Fig. 7  Load–displacement curves of several case studies, a CG-AH, b BE-DE, c DE-DH and d DH-DI
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main parameters, by which  Etot and SAET were directly 
affected. In addition, a polynomial equation of the third 
degree, extracted from each plot of Fig. 8, can be modeled 
using Eq. (30).

where D and t denote the diameter of Tube1 and the thick-
ness of Tube3, respectively. It is noteworthy that a constant 
ratio between the diameters of Tube1 and Tube2 was con-
sidered in all case studies of this work (D2/D1 = 2). The 
amounts of coefficients used in abovementioned correlation 
are collected in Table 3. This equation can facilitate the easy 
calculations of the energy absorption of different designs 
leading to obtaining optimized systems.

To sum up, regarding the efficiency of HS, it should be 
pointed out that this mechanism improves an ES model more 
significantly and controllably by mounting inner tubes with 
diameters of different sizes inside an ES model. Moreover, 
the energy absorption capacity of the system can be man-
aged accurately by designing a desired system with a specific 
limited volume. However, designing a preferable setup is a 

(30)

f(D,t) = C1 + C2 ∗ D + C3 ∗ t + C4 ∗ D
2

+ C5 ∗ D ∗ t + C6 ∗ t
2 + C7 ∗ D

3

+ C8 ∗ D
2 ∗ t + C9 ∗ D ∗ t

2 + C10 ∗ t
3

Fig. 8  Surface fitting of data 
gathered in Table 2 (for case 
studies number 1–16). a Total 
absorbed energy and b SAET, 
against the diameter and 
thickness of Tube1 and Tube3, 
respectively

(a)

(b)

R-square= 0.9846

R-square= 0.9912

Table 3  Coefficients of Eq. (30), corresponding to Etot and SAET

Coefficient Quantity

Etot SAET

C1 9776 108.7
C2 403.3 − 4.49
C3 − 3318 − 11.23
C4 − 13.69 0.1071
C5 1.67e−11 1.637e−13
C6 1428 3.112
C7 0.1823 − 0.0009323
C8 − 1.482e−13 − 1.53e−15
C9 − 1.237e−12 − 1.178e−14
C10 − 120 − 0.28
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question of total cost spent on the system production, which 
should be controlled by some crashworthiness parameters 
such as Etot and SAET. Moreover, mandrel head shape is an 
effective parameter in controlling the manufacturing cost as 
well as the total absorbed energy.

4.2  Effect of impactor shape

According to Table 2, the HS is capable of reaching high 
levels of total absorbed energy, although the efficiency of 
the system is restricted by the total mass of the setup through 
SAET, by which the system may lack cost-effectiveness 
parameter. To solve this problem, it was proposed that a con-
ical mandrel could be used instead of the upper moving tube. 
Given acquired results collected in Table 2, it was concluded 
that this solution improves the system capability measurably, 
although the manufacturing cost of specially shaped mandrel 
can be high. Given all abovementioned comments, an opti-
mum shape of the mandrel should be designed in terms of 
system efficiency (Etot, SAET) and potential manufacturing 
cost. This head shape of mandrel was adopted from a study 
performed by Yan et al. [22].

From Table 2, it can be concluded that this kind of man-
drel improves the amount of absorbed energy in the ES part 
of the system and subsequently enhance the SAEE criterion 
significantly. A comparison between case studies AH and 
AI reveals that by replacing a simple tubular moving impac-
tor with a conical mandrel, Etot and SAET rise from 15.7 
and 41.2 to 25.8 kJ and 53.1 J/g, respectively. This implies 
a measurably enhancement in the system design to absorb 
more energy, although the manufacturing cost of mandrel 
ought to be taken into account. Figure 9 displays the system 

improvement trend more precisely through comparing Etot 
and SAET simultaneously.

Considering the case studies AE-DH (number 1–16), 
Etot have an almost linear trend with the increments of the 
outer tube thickness, whereas the enhancements of the sys-
tem capacity while using conical mandrel lead to the non-
linear tendency experiencing a marked jump from DH to 
AI. Moreover, the models with intersection in the Etot and 
SAET curves are assigned as the most economical ones. In 
addition, considering Etot, it can be found out that all four 
samples (AI-DI) belonged to the last group of case studies, 
have absorbed the energy almost equally, however, by inves-
tigating the SAET criterion, sample AI can be advisable due 
to being of high levels of Etot and SAET simultaneously.

5  Conclusion

In this work, a new hybrid system was investigated so as 
to increase the system absorption capacity with the aid of 
utilizing the dead internal space of the outer tube. This new 
model comprises two common absorption mechanisms, 
which dissipates the energy by means of friction and plastic 
deformations. Overall, twenty specimens were numerically 
surveyed, and subsequently the results were employed to 
compare the samples together. Generally, it was concluded 
that the use of hybrid system is a feasible and economi-
cal method in designing energy absorber systems due to 
improvement in the total amount of the absorbed energy 
in a limited space; however, it may lack cost-effectiveness 
parameter. Moreover, replacement of the moving simple tube 
used as impactor, by a conical mandrel, was proposed as a 
method in improving the absorbed energy more significantly, 

Fig. 9  Normalized curves of the 
results, (for case studies number 
1–20, collected in Table 2)
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although this may affect the cost-effectiveness parameter as 
well.
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